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CLASSIFICATION OF EMBEDDINGS OF ABELIAN
EXTENSIONS OF Dn INTO En+1
ANDREW DOUGLAS, DELARAM KAHROBAEI, AND JOE REPKA
Abstract. An abelian extension of the special orthogonal Lie al-
gebra Dn is a nonsemisimple Lie algebra Dn A V , where V is a
finite-dimensional representation of Dn, with the understanding
that [V, V ] = 0. We determine all abelian extensions of Dn that
may be embedded into the exceptional Lie algebra En+1, n = 5, 6,
and 7. We then classify these embeddings, up to inner automor-
phism. As an application, we also consider the restrictions of irre-
ducible representations of En+1 to Dn A V , and discuss which of
these restrictions are or are not indecomposable.
1. Introduction
Let V be a finite-dimensional representation of the orthogonal Lie
algebra Dn. Then, we may define an abelian extension of Dn by
Dn A V : The representation action of Dn on V defines a multipli-
cation between elements of Dn and V , and V is regarded as an abelian
algebra: [V, V ] = 0.
In this article, we determine all abelian extensions of Dn that may
be embedded into the exceptional Lie algebra En+1, n = 5, 6, and 7
(Section 6). We then classify these embeddings, up to inner automor-
phism (Section 7). As an application, we also consider the restrictions
to Dn A V of irreducible representations of En+1, for each abelian
extension and each embedding (Section 8).
We begin in Section 2 with motivation. Section 3 records relevant
information about the objects of study in this article: Dn and En+1,
n = 5, 6, 7. Section 4 presents pertinent notation and terminology. In
Section 5 we describe the classification of embeddings of Dn into En+1,
up to inner automorphism, which will be employed in the following
sections.
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2. Motivation
The examination of embeddings of semisimple Lie algebras into com-
plex semisimple Lie algebras is an interesting, important, and widely
studied problem. The foundational work of Dynkin [6] is perhaps the
most widely cited. Dynkin’s work [6], together with a recent article by
Minchenko [12], classifies the semisimple subalgebras of the exceptional
Lie algebras, up to inner automorphism. From a classification of subal-
gebras, one may obtain a classification of embeddings in a straightfor-
ward manner. In particular, a subalgebra g′ of g naturally corresponds
to one embedding, and may (or may not) correspond to more inequiv-
alent embeddings if g′ has outer automorphisms.
The current paper extends previous research by the likes of Dynkin
and Minchenko by considering embeddings of nonsemisimple Lie alge-
bras into exceptional Lie algebras. It also extends and generalizes pre-
vious work of Douglas and Repka, which examined specific important
examples of embeddings of nonsemisimple Lie algebras into classical
Lie algebras.
For instance, in [5], the authors classified the embeddings of the
Euclidean algebra e(3) ∼= so(3,C) A C3 into so(5,C), up to inner auto-
morphism. As another example, the authors classified the embeddings
of e(3) into sl(4,C), up to inner automorphism [3].
Little is known about the indecomposable representations of abelian
extensions Dn A V . The current research promises to shed some light
on the representation theory of these nonsemisimple Lie algebras. In
particular, as an application of the above mentioned classification, the
authors will examine the irreducible representations of En+1 restricted
to Dn A V , for each embedding and each abelian extension.
The authors have employed this technique in previous research. In
[5], for instance, Douglas and Repka showed that each irreducible rep-
resentation of B2 remains indecomposable upon restriction to e(3) ∼=
so(3,C) A C3 with respect to any embedding of e(3) into B2, hence
creating a large family of indecomposable e(3)-representations. In [3]
and [4] Douglas and Repka examined the irreducible representations
of A3 restricted to e(3) with respect to any embedding; these e(3)-
representations were generally not indecomposable.
3. The Lie algebras Dn and En+1
The special orthogonal algebra Dn is the Lie algebra of complex
2n × 2n matrices N satisfying N tr = −N . The dimension of Dn is
2n2 − n and its rank is n. The Lie group corresponding to Dn arises
naturally as the symmetry group of a real projective space over R.
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Besides the classical Lie algebras, which include Dn, there are five
exceptional Lie algebras, three of which are E6, E7, and E8. These
exceptional Lie algebras were first explicitly constructed by Cartan in
his 1894 thesis, although their existence was proposed several years
earlier by Wilhelm Killing [1].
Like Dn, the exceptional Lie algebras E6, E7, and E8 have a close
connection to the Riemannian geometry of projective spaces (for de-
tails, we refer the reader to [1]). The algebras E6, E7, and E8 have
ranks 6, 7, and 8, and dimensions 78, 133, and 248, respectively.
Let g denote Dn, E6, E7, or E8. Let k = n, 6, 7, or 8 for Dn,
E6, E7, or E8, respectively. We may define g by a set of generators
{Hi, Xi, Yi}1≤i≤k together with the Chevalley-Serre relations [9]:
(1)
[Hi, Hj] = 0, [Hi, Xj ] = M
g
jiXj,
[Hi, Yj] = −M
g
jiYj, [Xi, Yj] = δijHi,
(ad Xi)
1−Mgji(Xj) = 0, (ad Yi)
1−Mgji(Yj) = 0, when i 6= j,
where 1 ≤ i, j ≤ k, and Mg is the Cartan matrix of g (see [9]). The
Xi, for 1 ≤ i ≤ k, correspond to the simple roots.
There are numerous calculations throughout this article involving
products of elements of En+1, n = 5, 6, 7. These calculations may be
carried out with the Chevalley-Serre relations (1), or, more efficiently,
using the computer algebra system GAP [8].
The Dynkin diagrams of Dn, E6, E7, and E8, indicating the num-
bering of simple roots, are given in Figure 1. For future reference, we
also list in Table 1 the maximal dimension of an abelian subalgebra of
E6, E7, and E8 from [11].
Table 1. Maximal abelian subalgebras of E6, E7, and
E8. [11]
Exceptional Lie Algebra Maximal Dimension of Abelian Subalgebra
E6 16
E7 27
E8 36
We now consider the representations of g = Dn or En+1, with k as
above.
For i = 1, ..., k, and h the Cartan subalgebra of g with basisH1, ..., Hk,
define αi, λi ∈ h
∗ by αi(Hj) = M
g
ji, and λi(Hj) = δij . The λi are the
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Figure 1. Dynkin diagrams of Dn, En+1.
Dn ◦
1
− ◦
2
− · · · −
◦n−1
|
◦
n−2
− ◦
n
En+1 ◦
1
− ◦
3
−
◦2
|
◦
4
− ◦
5
− · · · − ◦
n+1
fundamental weights, and their indexing corresponds with that of the
Dynkin diagram of type Dn, E6, E7, or E8, respectively, in Figure 1.
For each λ = m1λ1 + ... + mkλk ∈ h
∗, with nonnegative integers
m1, ..., mk, there exists a finite-dimensional, irreducible g-module with
highest weight λ, denoted Vg(λ), and every finite-dimensional irre-
ducible g-module is of this form, for some λ. The representations Vg(λi)
for 1 ≤ i ≤ k are the fundamental representations. A useful formula for
the dimensions of the fundamental representations of Dn is as follows
[[2], Theorem 13.10]:
(2) dim(VDn(λm)) =
{(
2n
m
)
, if 1 ≤ m < n− 1;
2n−1, if m = n− 1, n.
The representation Vg(λ) is realized as the quotient of U(g) by the left
ideal, Jλ, generated by Xi, Hi − λ(Hi), Y
1+λ(Hi)
i , 1 ≤ i ≤ k (here the
action of U(g) on itself and on Vg(λ) is given by left multiplication).
We will denote the element 1 + Jλ of the quotient Vg(λ) by u˜. Then
one can show that Vg(λ) is generated by {Yi1 · · ·Yilu˜ : l ∈ N0, i1, ..., il ∈
{1, ..., k}}. The weight of Yi1 · · ·Yilu˜ is λ− Σ
l
j=1αij .
4. Additional definitions and notation
The following definitions and notation will be used in this article. In
the definitions, let g and g′ be simple Lie algebras.
• Let Xai correspond to a simple root of En+1, for 1 ≤ ai ≤ n+1,
where n = 5, 6, or 7. We then define
Xa1,a2,a3,...,ak ≡ [[...[[Xa1 , Xa2], Xa3 ], ...], Xak ].
Ya1,a2,a3,...,ak is defined analogously.
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• Let ϕ : Dn →֒ En+1 be an embedding, and letW ∈ En+1. Then,
we define [W ]ϕ(Dn) to be the Dn-representation generated byW
with respect to the adjoint action of ϕ(Dn).
• LetW1,...,Wm ∈ En+1, for n = 5, 6, or 7. Then, 〈W1, ...,Wm〉En+1
is the subalgebra of En+1 generated by W1,...,Wm.
• Let V be a finite-dimensional representation of Dn. Then, a lift
of the embedding ϕ : Dn →֒ En+1 to Dn A V is an embedding
ϕ˜V : Dn A V →֒ En+1 such that ϕ˜
V restricted to Dn is equal to
ϕ. That is, ϕ˜V |Dn = ϕ.
• Let ϕ and ̺ be Lie algebra embeddings of g′ into g. Then ϕ and
̺ are equivalent if there is an inner automorphism ρ : g → g
such that ϕ = ρ ◦ ̺, and we write
ϕ ∼ ̺.
Hence, our classification in this article is up to equivalence.
• Two embeddings ϕ and ̺ of g′ into g are linearly equivalent
if for any finite-dimensional representation V of g, V |ϕ(g′) and
V |̺(g′) are isomorphic representations of g
′, and we write
ϕ ∼L ̺.
Clearly equivalence implies linear equivalence, but the converse
is not in general true. We define equivalence of subalgebras
much as we did for embeddings.
• Two subalgebras g′ and g′′ of g are equivalent if there is an inner
automorphism ρ or g such that ρ(g′) = g′′.
• A subalgebra of g is regular if it is normalized by a Cartan
subalgebra of g.
5. Embeddings of Dn into En+1
In this section we describe the classification of embeddings of Dn
into En+1, up to equivalence, which is given in Theorem 5.4. We begin
by constructing two embeddings of Dn into En+1.
With respect to the generators defined in Section 3, we may “natu-
rally” embed Dn into En+1 for n = 5, 6, or 7 as follows:
(3)
ϕn : Dn →֒ En+1
Hn+1−i 7→ Hi+1
Xn+1−i 7→ Xi+1
Yn+1−i 7→ Yi+1,
where 1 ≤ i ≤ n.
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Each of these embeddings may be visualized as arising from a “natu-
ral” subgraph of the Dynkin diagram of En+1, for n = 5, 6, or 7, which
is isomorphic to the Dynkin diagram of Dn (see Figure 1).
Consider the transposition σ = (n − 1, n) of the symmetric group
Sn, and define an outer automorphism of Dn as follows:
(4)
ρn : Dn → Dn
Hi 7→ Hσ(i)
Xi 7→ Xσ(i)
Yi 7→ Yσ(i),
where 1 ≤ i ≤ n. The outer automorphisms of Dn correspond to
the automorphisms of its Dynkin diagram [[7], Proposition D.40], so
that ρn is the only outer automorphism of Dn, n > 4, up to inner
automorphism.
Using the above outer automorphism of Dn, define a second embed-
ding of Dn into En+1:
(5) ̺n ≡ ϕn ◦ ρn : Dn →֒ En+1.
The two embeddings ϕn and ̺n are the basis of the classification of
embeddings of Dn into En+1. The classification is a consequence of the
following three theorems.
Theorem 5.1. [6, 12] There is a unique Dn subalgebra inside En+1, up
to equivalence, for n = 5, 6, and 7. Further, in each case, the subalgebra
is regular.
Theorem 5.2 ([12], Theorem 2). Let ϕ and ̺ be embeddings of Dn
into En+1, for n = 5, 6, and 7, then
(6) ϕ ∼L ̺⇔ VEn+1(λn+1)|ϕ(Dn)
∼= VEn+1(λn+1)|̺(Dn).
Interestingly, Theorem 5.2, from [12], is stronger than a correspond-
ing result found in Dynkin’s classic paper [[6], Theorem 1.3]. In [6], one
needs to consider VEn+1(λn+1), and VEn+1(λ1), for n = 6, 7, to establish
linear equivalence. Note that Theorem 5.2, although found in [12], is
attributed to Losev [10].
Theorem 5.3 ([12], Theorem 3). Let ϕ and ̺ be embeddings of the
simple Lie algebra g′ into the simple Lie algebra g such that ϕ(g′) and
̺(g′) are regular subalgebras. Then
(7) ϕ ∼L ̺⇔ ϕ ∼ ̺.
Theorem 5.4. The embedding ϕ7 is the unique embedding of D7 into
E8, up to equivalence. There are exactly two embeddings of D5 into
E6 and of D6 into E7, up to equivalence: ϕn and ̺n, for n = 5 or 6,
respectively.
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Proof. We first show that ϕn : Dn →֒ En+1 and ̺n : Dn →֒ En+1 are
equivalent if and only if n = 7. Consider the following decompositions.
(8)
VE6(λ6)|ϕ(D5)
∼= VD5(0)⊕ VD5(λ1)⊕ VD5(λ5),
VE6(λ6)|̺(D5)
∼= VD5(0)⊕ VD5(λ1)⊕ VD5(λ4).
VE6(λ6)|ϕ(D5) ≇ VE6(λ6)|̺(D5) implies ϕ5 ≁L ̺5, and hence
(9) ϕ5 ≁ ̺5.
Also,
(10)
VE7(λ7)|ϕ(D6)
∼= 2VD6(λ1)⊕ VD6(λ6),
VE7(λ7)|̺(D6)
∼= 2VD6(λ1)⊕ VD6(λ5).
VE7(λ7)|ϕ(D6) ≇ VE7(λ7)|̺(D6) implies ϕ6 ≁L ̺6, and hence
(11) ϕ6 ≁ ̺6.
Finally,
(12)
VE8(λ8)|ϕ(D7)
∼= VE8(λ8)|̺(D7)
∼= VD7(λ2)⊕ VD7(λ1)⊕ VD7(λ6)
⊕VD7(λ7)⊕ VD7(λ1)⊕ VD7(0).
VE8(λ8)|ϕ(D7)
∼= VE8(λ8)|̺(D7) implies ϕ7 ∼L ̺7 (Theorem 5.2), and
hence, by Theorem 5.3,
(13) ϕ7 ∼ ̺7.
Since, by Theorem 5.1, there is only one Dn subalgebra in En+1, up to
equivalence, the only possible embedding inequivalent to ϕn is formed
from composing ϕn with an outer automorphism of Dn, of which there
is only one for n > 4, namely ρn [7]. In other words, the only possible
embedding inequivalent to ϕn is ̺n. The result then follows from Eqs.
(9), (11), and (13). 
6. Abelian extensions of Dn in En+1
In this section we determine the abelian extensions of Dn that may
be embedded into En+1, n = 5, 6, 7. The results are summarized in
Propositions 6.3, 6.6, and 6.9.
6.1. Abelian extensions of D7 in E8. We begin by calculating the
decomposition of E8 with respect to the adjoint action of ϕ7(D7):
(14)
E8 ∼=ϕ7(D7) [X
′]ϕ7(D7) ⊕ [X
′′′]ϕ7(D7) ⊕ [Y1]ϕ7(D7) ⊕
[X ′′]ϕ7(D7) ⊕ [Y
′]ϕ7(D7) ⊕ [H ]ϕ7(D7)
∼=ϕ7(D7) VD7(λ2) ⊕ VD7(λ1) ⊕ VD7(λ6) ⊕
VD7(λ7) ⊕ VD7(λ1) ⊕ VD7(0),
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where
(15)
X ′ = X4,5,6,7,8,2,3,4,5,6,7,
X ′′ = −X3,4,2,1,5,4,3,6,5,4,7,2,6,5,8,7,6,4,5,3,4,2,
X ′′′ = X8,7,6,5,4,3,2,1,4,5,6,7,3,4,5,6,2,4,5,3,4,2,1,3,4,5,6,7,8,
Y ′ = −Y5,4,2,3,6,4,1,3,5,4,7,2,6,5,4,3,1,
H = 4H1 + 5H2 + 7H3 + 10H4+
8H5 + 6H6 + 4H7 + 2H8.
Note that
(16) ϕ7(D7) = [X
′]ϕ7(D7)
∼= VD7(λ2).
Since ϕ7 is the only embedding of D7 into E8, up to equivalence (The-
orem 5.4), determining which abelian extensions of D7 may be em-
bedded into E8 amounts to determining which E8-subspaces among
[X ′′′]ϕ7(D7), [Y1]ϕ7(D7), [X
′′]ϕ7(D7), [Y
′]ϕ7(D7), and [H ]ϕ7(D7) in Eq. (14),
or direct sums of these subspaces, are abelian subalgebras of E8.
Lemma 6.1. The E8-subspaces [X
′′′]ϕ7(D7), [Y
′]ϕ7(D7), and [H ]ϕ7(D7)
are abelian subalgebras of E8.
Proof. Let X ′′′a1,a2,...,am = [Yan , [Yan−1 , ..., [Ya2 , [Ya1, X
′′′]]...]]; then the fol-
lowing is a basis of VD7(λ1)
∼= [X ′′′]ϕ7(D7):
(17)
X ′′′, X ′′′8 , X
′′′
8,7,
X ′′′8,7,6, X
′′′
8,7,6,5, X
′′′
8,7,6,5,4,
X ′′′8,7,6,5,4,2, X
′′′
8,7,6,5,4,3, X
′′′
8,7,6,5,4,2,3,
X ′′′8,7,6,5,4,2,3,4, X
′′′
8,7,6,5,4,2,3,4,5, X
′′′
8,7,6,5,4,2,3,4,5,6,
X ′′′8,7,6,5,4,2,3,4,5,6,7, X
′′′
8,7,6,5,4,2,3,4,5,6,7,8.
Direct calculation shows
(18) [[X ′′′]ϕ7(D7), X
′′′] = 0.
Eq. (18) together with the Jacobi identity imply
(19) [[X ′′′]ϕ7(D7), [X
′′′]ϕ7(D7)] = 0.
Hence, [X ′′′]ϕ7(D7) is an abelian subalgebra of E8. In a similar fash-
ion, we show [Y ′]ϕ7(D7) is an abelian subalgebra of E8. [H ]ϕ7(D7) is
1-dimensional, hence is necessarily abelian. 
Lemma 6.2. The subspaces [αX ′′′+βY ′]ϕ7(D7), with α, β ∈ C
∗, [X ′′′]ϕ7(D7)
⊕ [Y ′]ϕ7(D7), [X
′′′]ϕ7(D7)⊕ [H ]ϕ7(D7), [H ]ϕ7(D7)⊕ [Y
′]ϕ7(D7), [X
′′′]ϕ7(D7)⊕
[Y ′]ϕ7(D7) ⊕ [H ]ϕ7(D7), [Y1]ϕ7(D7), and [X
′′]ϕ7(D7) are not abelian subal-
gebras of E8.
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Proof. Note that Y8 ∈ ϕ7(D7), so that [Y8, αX
′′′ + βY ′] ∈ [αX ′′′ +
βY ′]ϕ7(D7). We have
(20) [αX ′′′ + βY ′, [Y8, αX
′′′ + βY ′]] = −2αβX ′ 6= 0.
Thus, [αX ′′′ + βY ′]ϕ7(D7) is not abelian. In a similar manner, we show
that [X ′′′]ϕ7(D7)⊕[Y
′]ϕ7(D7), [X
′′′]ϕ7(D7)⊕[H ]ϕ7(D7), [H ]ϕ7(D7)⊕[Y
′]ϕ7(D7),
and [X ′′′]ϕ7(D7) ⊕ [Y
′]ϕ7(D7) ⊕ [H ]ϕ7(D7) are not abelian.
Finally, [Y1]ϕ7(D7) and [X
′′]ϕ7(D7) are not abelian subalgebras of E8
by Table 1 since dim(Vϕ(D7)(λ6)) = dim(Vϕ(D7)(λ7)) = 64. 
Note the following isomorphisms of ϕ(D7)-modules:
(21)
[H ]ϕ7(D7)
∼= VD7(0)
∼= C,
[X ′′′]ϕ7(D7)
∼= VD7(λ1)
∼= C14,
[Y ′]ϕ7(D7)
∼= VD7(λ1)
∼= C14.
The irrep VD7(λ1) is the “standard” representation of D7
∼= so(14,C)
on C14 by matrix multiplication. We shall write C14 to refer to this
irrep, and C to refer to the trivial irrep VD7(0).
Lemmas 6.1 and 6.2 then give the following proposition.
Proposition 6.3. The only abelian extensions of D7 that may be em-
bedded into E8 are the following:
(22) D7 A C and D7 A C
14.
The abelian subspaces of E8 which are isomorphic to C with respect
to the adjoint action of ϕ7(D7) have (highest weight) vector αH, for
α ∈ C∗. Those which are isomorphic to C14 with respect to the adjoint
action of ϕ7(D7) have highest weight vector αX
′′′ or αY ′, for α ∈ C∗.
6.2. Abelian extensions of D6 in E7. We begin by calculating the
decomposition of E7 with respect to the adjoint action of ϕ6(D6) and
̺6(D6), respectively:
(23)
E7 ∼=ϕ6(D6) [X
′]ϕ6(D6) ⊕ [X
′′]ϕ6(D6) ⊕ [Y1]ϕ6(D6) ⊕
[Y ′]ϕ6(D6) ⊕ [X
′′′]ϕ6(D6) ⊕ [H ]ϕ6(D6)
∼=ϕ6(D6) VD6(λ2) ⊕ 2VD6(λ5) ⊕ 3VD6(0),
(24)
E7 ∼=̺6(D6) [X
′]̺6(D6) ⊕ [X
′′]̺6(D6) ⊕ [Y1]̺6(D6) ⊕
[Y ′]̺6(D6) ⊕ [X
′′′]̺6(D6) ⊕ [H ]̺6(D6)
∼=̺6(D6) VD6(λ2) ⊕ 2VD6(λ6) ⊕ 3VD6(0),
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where
(25)
X ′ = X6,7,5,4,3,2,4,5,6,
X ′′ = X7,6,5,4,3,2,4,5,6,1,3,4,5,2,4,3,
X ′′′ = −X7,6,5,4,3,2,4,5,6,1,3,4,5,2,4,3,1,
Y ′ = −Y7,6,5,4,3,2,4,5,6,1,3,4,5,2,4,3,1,
H = 2H1 + 2H2 + 3H3 + 4H4 + 3H5 + 2H6 +H7.
Note that
(26)
ϕ6(D6) = [X
′]ϕ6(D6)
∼= VD6(λ2),
̺6(D6) = [X
′]̺6(D6)
∼= VD6(λ2).
Since ϕ6 and ̺6 are the only embeddings of D6 into E7, up to equiva-
lence (Theorem 5.4), determining which abelian extensions of D6 may
be embedded into E7 amounts to determining which E7-subspaces in
Eq. (23) or (24) (excluding [X ′]ϕ6(D6) and [X
′]̺6(D6)), or direct sums of
these subspaces, are abelian subalgebras of E7.
Eqs. (23) and (24) imply the following lemma.
Lemma 6.4. With respect to the adjoint action of ϕ6(D6) or ̺6(D6),
all highest weight vectors in E7 having weight zero are of the form
αY ′ + βX ′′′ + γH, for α, β, γ ∈ C, not all zero.
Lemma 6.5. [αY ′+βX ′′′+γH ]ϕ6(D6) and [αY
′+βX ′′′+γH ]̺6(D6) are
abelian subalgebras of E7. Further, any other subspace in the decompo-
sition of Eq. (23) or (24), or direct sums of such subspaces, is not an
abelian subalgebra of E7.
Proof. [αY ′ + βX ′′′ + γH ]ϕ6(D6) and [αY
′ + βX ′′′ + γH ]̺6(D6) are 1-
dimensional, and hence necessarily abelian.
The subspaces [X ′′]ϕ6(D6), [X
′′]̺6(D6), [Y1]ϕ6(D6), and [Y1]̺6(D6) are not
abelian by Table 1 since dim(VD6(λ5)) = dim(VD6(λ6)) =32 > 27.
[X ′]ϕ6(D6) and [X
′]̺6(D6) are isomorphic to D6 and hence not abelian.
Noting [Y ′, X ′′′] 6= 0, [Y ′, H ] 6= 0, and [X ′′′, H ] 6= 0 completes the
proof. 
For α, β, γ ∈ C, not all zero, note the following isomorphisms:
(27)
[αY ′ + βX ′′′ + γH ]ϕ6(D6)
∼= C,
[αY ′ + βX ′′′ + γH ]̺6(D6)
∼= C.
Lemma 6.4 and 6.5 then give us the following proposition.
Proposition 6.6. The only abelian extension of D6 that may be em-
bedded into E7 is the following:
(28) D6 A C.
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The (abelian) subspaces of E7 which are isomorphic to C with respect
to the adjoint action of ϕ6(D6) or ̺6(D6) have (highest weight) vector
αY ′ + βX ′′′ + γH, for α, β, γ ∈ C, not all zero.
6.3. Abelian extensions of D5 in E6. We begin by calculating the
decomposition of E6 with respect to the adjoint action of ϕ5(D5) and
̺5(D5):
(29)
E6 ∼=ϕ5(D5) [X
′]ϕ5(D5) ⊕ [Y1]ϕ5(D5) ⊕ [X
′′]ϕ5(D5) ⊕
[H ]ϕ5(D5)
∼=ϕ5(D5) VD5(λ2) ⊕ VD5(λ4) ⊕ VD5(λ5) ⊕
VD5(0),
(30)
E6 ∼=̺5(D5) [X
′]̺5(D5) ⊕ [Y1]̺5(D5) ⊕ [X
′′]̺5(D5) ⊕
[H ]̺5(D5)
∼=̺5(D5) VD5(λ2) ⊕ VD5(λ5) ⊕ VD5(λ4) ⊕
VD5(0),
where
(31)
X ′ = X6,5,4,3,2,4,5,
X ′′ = X6,5,4,2,3,1,4,3,5,4,2,
H = 2H1 +
3
2
H2 +
5
2
H3 + 3H4 + 2H5 +H6.
Note that
(32)
ϕ5(D5) = [X
′]ϕ5(D5)
∼= VD5(λ2),
̺5(D5) = [X
′]̺5(D5)
∼= VD5(λ2).
Since ϕ5 and ̺5 are the only embeddings of D5 into E6, up to equiv-
alence (Theorem 5.4), determining which abelian extensions of D5 may
be embedded into E6 amounts to determining which E6-subspaces in
Eq. (29) or (30) (excluding [X ′]ϕ5(D5) and [X
′]̺5(D5)), or direct sums of
these subspaces, are abelian subalgebras of E6.
The proofs of the following two lemmas proceed as in the above
subsections and are omitted.
Lemma 6.7. The E6-subspaces [Y1]ϕ5(D5), [X
′′]ϕ5(D5), and [H ]ϕ5(D5),
as well as [Y1]̺5(D5), [X
′′]̺5(D5), and [H ]̺5(D5) are abelian subalgebras of
E6.
Lemma 6.8. The direct sum of any two or more of the subspaces in
the decomposition of Eq. (29) or (30) is not an abelian subalgebra of
E6.
Note the following isomorphism of D5-modules, with respect to the
adjoint action of ϕ5(D5) or ̺5(D5), respectively:
(33) [H ]ϕ5(D5)
∼= [H ]̺5(D5)
∼= C.
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Lemmas 6.7 and 6.8 then give the following proposition.
Proposition 6.9. The only abelian extensions of D5 that may be em-
bedded into E6 are the following:
(34) D5 A C, D5 A VD5(λ4), and D5 A VD5(λ5).
The highest weight vectors of D5-invariant abelian subspaces of E6 are
as follows: The only abelian subspace which is isomorphic to C with
respect to the adjoint action of ϕ5(D5) or ̺5(D5) has (highest weight)
vector αH, for α ∈ C∗.
The abelian subspaces of E6 which carry VD5(λ5) irreps of D5 with
respect to the adjoint action of ϕ5(D5) or ̺5(D5) have highest weight
vectors αX ′′ or αY1, respectively, for α ∈ C
∗. The abelian subspaces of
E6 which carry VD5(λ4) irreps of D5 with respect to the adjoint action of
ϕ5(D5) or ̺5(D5) have highest weight vectors αY1 or αX
′′, respectively,
for α ∈ C∗.
7. Classifying the embeddings of the abelian extensions
of Dn into En+1
In this section, we classify, up to inner automorphism, the embed-
dings identified in Section 6 of each abelian extension ofDn that may be
embedded into En+1. The classifications are summarized in Theorems
7.4, 7.7, and 7.10.
7.1. Embeddings of the abelian extensions of D7 into E8. We be-
gin by constructing lifts of the natural embedding ϕ7 to D7 A C
14, and
to D7 A C. Let u be a highest weight vector of the D7-representation
VD7(λ1)
∼= C14. Then, a lift of ϕ7 to D7 A C
14 is uniquely determined
by its evaluation on u. By Proposition 6.3, the following then define
all possible lifts of the embedding ϕ7 to D7 A C
14 for each α ∈ C∗:
(35)
ϕ˜7
λ1,α : D7 A C
14 →֒ E8
u 7→ αX ′′′,
ϕ˜7
λ′1,α : D7 A C
14 →֒ E8
u 7→ αY ′.
Similarly, the following defines all possible lifts of the embedding ϕ7 to
D7 A C for each α ∈ C
∗. Here u is any nonzero vector in VD7(0)
∼= C,
necessarily of highest weight.
(36)
ϕ˜7
0,α : D7 A C →֒ E8
u 7→ αH.
ABELIAN EXTENSIONS OF DN IN EN+1 13
The embeddings of Eqs. (35) and (36) form a basis for the classification
of abelian extension of D7 into E8, up to equivalence, described in
Theorem 7.4. We first present three useful lemmas.
Lemma 7.1. The embeddings ϕ˜7
λ1,1 and ϕ˜7
λ′1,1 are not equivalent em-
beddings of D7 A C
14 into E8.
Proof. By way of contradiction, suppose ϕ˜7
λ1,1 ∼ ϕ˜7
λ′1,1. Let ρ : E8 →
E8 be an inner automorphism of E8 such that ρ◦ ϕ˜7
λ1,1 = ϕ˜7
λ′1,1, which
implies
(37) ρ(X ′′′) = Y ′.
The automorphism ρmust send highest weight vectors to highest weight
vectors of equal weight with respect to the adjoint action of ϕ(D7),
hence
(38) ρ(X ′′) = αX ′′, ρ(H) = βH,
for some α, β ∈ C∗. Eq. (38) yields
(39)
ρ([H,X ′′]) = ρ(X ′′) = αX ′′,
[ρ(H), ρ(X ′′)] = αβX ′′.
Hence, β = 1 so that ρ(H) = H . Eq. (37) then yields
(40)
ρ([H,X ′′′]) = ρ(2X ′′′) = 2Y ′,
[ρ(H), ρ(X ′′′)] = [H, Y ′] = −2Y ′,
a contradiction to ρ being a Lie algebra homomorphism. 
Lemma 7.2. The embeddings ϕ˜7
λ1,1 and ϕ˜7
λ1,α are equivalent for all
α ∈ C∗. The embeddings ϕ˜7
λ′1,1 and ϕ˜7
λ′1,α are equivalent for all α ∈ C∗.
Proof. For β ∈ C∗, define an inner automorphism ρβ : E8 → E8 as
follows:
(41)
H1 7→ H1, X1 7→ βX1, Y1 7→
1
β
Y1,
Hi 7→ Hi, Xi 7→ Xi, Yi 7→ Yi,
where 2 ≤ i ≤ 8. We then have ρβ ◦ ϕ˜7
λ1,1 = ϕ˜7
λ1,α, ρβ ◦ ϕ˜7
λ′1,α = ϕ˜7
λ′1,1,
for β2 = α. Hence ϕ˜7
λ1,1 ∼ ϕ˜7
λ1,α and ϕ˜7
λ′1,1 ∼ ϕ˜7
λ′1,α. 
Lemma 7.3. The embeddings ϕ˜7
0,α and ϕ˜7
0,β are equivalent if and only
if α = β.
Proof. Let ϕ˜7
0,α ∼ ϕ˜7
0,β, and let ρ be an automorphism of E8 such that
ρ ◦ ϕ˜7
0,α = ϕ˜7
0,β, which implies
(42)
ρ(H) = β
α
H =
β
α
(4H1 + 5H2 + 7H3 + 10H4 + 8H5 + 6H6 + 4H7 + 2H8).
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Since ρ is a Lie algebra homomorphism, and ρ(Hi) = Hi for 2 ≤ i ≤ 8,
we also have
(43)
ρ(H) =
4ρ(H1) + 5H2 + 7H3 + 10H4 + 8H5 + 6H6 + 4H7 + 2H8.
Eqs. (42) and (43) then yield
(44)
ρ(H1) =
β
α
H1+
( β
α
−1)
4
(5H2 + 7H3 + 10H4 + 8H5 + 6H6 + 4H7 + 2H8).
The automorphism ρ must send highest weight vectors, with respect
to the adjoint action of ϕ7(D7), to highest weight vectors of the same
weight. Hence, there is a γ ∈ C∗ such that
(45) ρ(Y1) = γY1.
Using Eq. (44),
(46)
ρ([H1, Y1]) = ρ(−2Y1) = −2γY1,
[ρ(H1), ρ(Y1)] = γ[ρ(H1), Y1] = −
γ
4
(β
α
+ 7)Y1.
Since ρ is a Lie algebra homomorphism, Eq. (46) implies β
α
= 1. Hence,
if ϕ˜7
0,α ∼ ϕ˜7
0,β, then α = β. The opposite implication is obvious. 
Theorem 7.4. The only abelian extensions of D7 that may be embed-
ded into E8 are D7 A VD7(λ1)
∼= D7 A C
14 and D7 A VD7(0)
∼= D7 A C.
The embeddings ϕ˜7
λ1,1 and ϕ˜7
λ′1,1 are a complete set of inequivalent
embeddings of D7 A C
14 into E8. There is an infinite family of inequiv-
alent embeddings of D7 A C into E8, which contains all embeddings.
The infinite family is parameterized by a single continuous parameter:
ϕ˜7
0,α, α ∈ C∗. These results are displayed in Table 2.
Proof. The only abelian extensions of D7 that may be embedded into
E8 are D7 A C
14, and D7 A C (a repetition of Proposition 6.3).
Any embedding of an abelian extension of D7 into E8 restricted to
D7 is equivalent to ϕ7 by Theorem 5.4. Further, Eqs. (35) and (36)
list all possible lifts of ϕ7 to the permissible abelian extensions of D7.
The result then follows from Lemmas 7.1, 7.2, and 7.3. 
Remark 7.5. The Euclidean algebra e(n) of isometries of n-dimensional
Euclidean space is defined as e(n) ∼= so(n,C) A Cn. We thus have
e(14) ∼= D7 A C
14. Hence, one consequence of Theorem 7.4 is a classi-
fication of the embeddings of the Euclidean algebra e(14) into E8, up
to equivalence.
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Table 2. Classification of embeddings of abelian exten-
sions of D7 into E8 up to equivalence.
Abelian Extension D7 A V Embedding D7 A V →֒ E8
D7 A VD7(λ1)
∼= D7 A C
14 ϕ˜7
λ1,1, ϕ˜7
λ′1,1
D7 A VD7(0)
∼= D7 A C ϕ˜7
0,α, α ∈ C∗
7.2. Embeddings of the abelian extensions of D6 into E7. We
begin by constructing lifts of the embeddings ϕ6 : D6 →֒ E7 and ̺6 :
D6 →֒ E7 to D6 A VD6(0)
∼= D6 A C. Let u be a (highest weight)
vector of the D6-representation VD6(0)
∼= C. By Proposition 6.6, the
following then define all possible lifts of the embeddings ϕ6 and ̺6 to
D6 A C, for α, β, γ ∈ C, not all zero:
(47)
ϕ˜6
0,(α,β,γ) : D6 A C →֒ E7
u 7→ αY ′ + βX ′′′ + γH,˜̺60,(α,β,γ) : D6 A C →֒ E7
u 7→ αY ′ + βX ′′′ + γH.
The embeddings of Eq. (47) form a basis for the classification of
abelian extensions of D6 into E7, up to equivalence, described in The-
orem 7.7. We first present a useful lemma.
Lemma 7.6. Let ρ be an automorphism of E7 which fixes Xi, Yi, and
Hi for 2 ≤ i ≤ 7. Then
(48)
ρ(Y ′) = c2Y ′ − cdH − d2X ′′′,
ρ(X ′′′) = a2X ′′′ + abH − b2Y ′,
ρ(H) = (ac + bd)H + 2adX ′′′ − 2bcY ′,
where a, b, c, d ∈ C such that ac− bd = 1.
Proof. Let ρ : E7 → E7 be an automorphism of E7 which fixes Xi, Yi,
and Hi for 2 ≤ i ≤ 7. A highest weight vector of E7 must be sent to a
highest weight vector of E7 of equal weight with respect to the adjoint
action of ϕ6(D6). Hence, referring to Eq. (23),
(49) ρ(Y1) = cY1 + dX
′′, ρ(X ′′) = aX ′′ + bY1.
Computation shows that there exists a sequence a1, a2, ..., ak, where
2 ≤ ai ≤ 7 for each i, such that
(50)
[[[[[X ′′, Ya1], Ya2 ], Ya3 ] · · · ], Yak ] = −X1, and
[[[[[Y1, Ya1], Ya2 ], Ya3] · · · ], Yak ] = −Y7,6,5,4,3,2,4,5,6,1,3,4,5,2,4,3.
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Let us define Y ′′ = Y7,6,5,4,3,2,4,5,6,1,3,4,5,2,4,3. Note that the elements X1
and Y ′′ are lowest weight vectors with respect to the adjoint action of
ϕ6(D6). Equations (49) and (50), together with the fact that ρ(Yai) =
Yai for 2 ≤ ai ≤ 7, then imply
(51) ρ(Y ′′) = cY ′′ + dX1, ρ(X1) = aX1 + bY
′′.
Note that [X1, X
′′] = X ′′′ and [Y1, Y
′′] = Y ′, so that Eqs. (49) and (51)
imply
(52)
ρ(X ′′′) = a2X ′′′ + abH − b2Y ′,
ρ(Y ′) = c2Y ′ − cdH − d2X ′′′.
Note that
(53)
[ρ(Y1), ρ(X
′′′)] = [cY1 + dX
′′, a2X ′′′ + abH − b2Y ′]
= b(ac− bd)Y1 + a(ac− bd)X
′′.
Since [Y1, X
′′′] = X ′′, Eqs. (49) and (53) imply b(ac − bd) = b and
a(ac− bd) = a. Since not both a = 0 and b = 0, we have
(54) ac− bd = 1.
Since [X ′′′, Y ′] = H and ac− bd = 1, Eq. (52) implies
(55) ρ(H) = (ac+ bd)H + 2adX ′′′ − 2bcY ′.

Theorem 7.7. The only abelian extension of D6 that may be embedded
into E7 is D6 A VD6(0)
∼= D6 A C. Any embedding of D6 A C into E7 is
equivalent to ϕ˜6
0,(α,β,γ) or ˜̺60,(α,β,γ) for some α, β, γ ∈ C, not all zero.
For α, β, γ ∈ C, not all zero, the embeddings are classified according to
the following rules:
(a) ϕ˜6
0,(α,β,γ)
≁ ˜̺60,(α,β,γ) for all α, β, γ.
(b) ϕ˜6
0,(α,β,γ) ∼ ϕ˜6
0,(α′,β′,γ′) ⇔
(α′, β ′, γ′) = (αc2 − βb2 − 2γbc,−αd2 + βa2 + 2γad,−αcd+ βab+
γ(ac+ bd)), for some a, b, c, d ∈ C, such that ac− bd = 1.
(c) ˜̺60,(α,β,γ) ∼ ˜̺60,(α′,β′,γ′) ⇔
(α′, β ′, γ′) = (αc2 − βb2 − 2γbc,−αd2 + βa2 + 2γad,−αcd+ βab+
γ(ac+ bd)), for some a, b, c, d ∈ C, such that ac− bd = 1.
Proof. Let ϕ˜6
0,(α,β,γ) ∼ ϕ˜6
0,(α′,β′,γ′), and let ρ be an automorphism of
E7 such that
(56) ρ ◦ ϕ˜6
0,(α,β,γ) = ϕ˜6
0,(α′,β′,γ′)
.
Eq. (56) implies
(57) ρ(αY ′ + βX ′′′ + γH) = α′Y ′ + β ′X ′′′ + γ′H.
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Eq. (56) implies that ρ fixes Xi, Yi, and Hi for 2 ≤ i ≤ 7. Hence
Lemma 7.6 implies
(58)
ρ(αY ′ + βX ′′′ + γH) = αρ(Y ′) + βρ(X ′′′) + γρ(H) =
(αc2 − βb2 − 2γbc)Y ′ + (−αd2 + βa2 + 2γad)X ′′′+
(−αcd+ βab+ γ(ac + bd))H,
for some a, b, c, d ∈ C such that ac − bd = 1. Hence, Eqs. (57) and
(58) imply (α′, β ′, γ′) = (αc2− βb2− 2γbc,−αd2 + βa2 +2γad,−αcd+
βab+ γ(ac+ bd)).
We now prove the opposite implication of item (b). Let ρ : E7 → E7
be the (inner) automorphism of E7 that fixes Xi, Yi, and Hi for 2 ≤
i ≤ 7, and
(59)
ρ(X1) = aX1 + bY
′′,
ρ(Y1) = cY1 + dX
′′,
ρ(H1) = H1 + bdH + adX
′′′ − bcY ′.
Then,
(60)
ρ(Y ′) = c2Y ′ − cdH − d2X ′′′,
ρ(X ′′′) = a2X ′′′ + abH − b2Y ′,
ρ(H) = (ac + bd)H + 2adX ′′′ − 2bcY ′,
so that
(61) ρ(αY ′ + βX ′′′ + γH) = α′Y ′ + β ′X ′′′ + γ′H,
as in Eq. (58), which implies ρ ◦ ϕ˜6
0,(α,β,γ) = ϕ˜6
0,(α′,β′,γ′). Hence, we
have established item (b). Item (c) is proved in a similar manner.
Now we consider item (a). Since ϕ6 ≁ ̺6 by Theorem 5.4, then
ϕ˜6
0,(α,β,γ)
≁ ˜̺60,(α′,β′,γ′). 
7.3. Embeddings of the abelian extensions of D5 into E6. We be-
gin by constructing lifts of the embeddings ϕ5 and ̺5 to D5 A VD5(λ5),
D5 A VD5(λ4), and to D5 A VD5(0)
∼= D5 A C. Let u be a highest
weight vector of the D5-representation VD5(λ5), VD5(λ4), or C, respec-
tively. By Proposition 6.9, the following then define all possible lifts of
ϕ5 or ̺5 to D5 A VD5(λ5), D5 A VD5(λ4), and to D5 A C, respectively,
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for each α ∈ C∗:
(62)
ϕ˜5
λ5,α : D5 A VD5(λ5) →֒ E6
u 7→ αX ′′,˜̺5λ5,α : D5 A VD5(λ5) →֒ E6
u 7→ αY1,
ϕ˜5
λ4,α : D5 A VD5(λ4) →֒ E6
u 7→ αY1,˜̺5λ4,α : D5 A VD5(λ4) →֒ E6
u 7→ αX ′′,
ϕ˜5
0,α : D5 A C →֒ E6
u 7→ αH,˜̺50,α : D5 A C →֒ E6
u 7→ αH.
The embeddings of (62) form the basis of the classification of abelian
extension of D5 into E6, up to equivalence, in Theorem 7.10. We first
prove two useful lemmas.
Lemma 7.8. For all α ∈ C∗,
(63)
ϕ˜5
λ5,1 ∼ ϕ˜5
λ5,α, ˜̺5λ5,1 ∼ ˜̺5λ5,α,
ϕ˜5
λ4,1 ∼ ϕ˜5
λ4,α, ˜̺5λ4,1 ∼ ˜̺5λ4,α,
ϕ˜5
λ4,1 ≁ ˜̺5λ4,1, ϕ˜5λ5,1 ≁ ˜̺5λ5,1.
Proof. Define an inner automorphism ρ : E6 → E6 as follows:
(64)
H1 7→ H1, X1 7→ αX1, Y1 7→
1
α
Y1,
Hi 7→ Hi, Xi 7→ Xi, Yi 7→ Yi,
where 2 ≤ i ≤ 6. We then have
(65)
ρ ◦ ϕ˜5
λ5,1 = ϕ˜5
λ5,α, ρ ◦ ˜̺5λ5,α = ˜̺5λ5,1
ρ ◦ ϕ˜5
λ4,α = ϕ˜5
λ4,1, ρ ◦ ˜̺5λ4,1 = ˜̺5λ4,α.
Since ϕ5 ≁ ̺5 by Theorem 5.4, then ϕ˜5
λ4,1 ≁ ˜̺5λ4,1, and ϕ˜5λ5,1 ≁˜̺5λ5,1. 
Lemma 7.9. The embeddings ϕ˜5
0,α and ϕ˜5
0,β are equivalent if and only
if α = β. Similarly, the embeddings ˜̺50,α and ˜̺50,β are equivalent if and
only if α = β. Finally, ϕ˜5
0,α
≁ ˜̺50,β, for all α, β.
Proof. Let ϕ˜5
0,α ∼ ϕ˜5
0,β, and let ρ be an automorphism of E6 such that
ρ ◦ ϕ˜5
0,α = ϕ˜5
0,β, which implies
(66) ρ(H) =
β
α
H =
β
α
(
2H1 +
3
2
H2 +
5
2
H3 + 3H4 + 2H5 +H6
)
.
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Since ρ is a Lie algebra homomorphism, and ρ(Hi) = Hi for 2 ≤ i ≤ 6,
we also have
(67) ρ(H) = 2ρ(H1) +
3
2
H2 +
5
2
H3 + 3H4 + 2H5 +H6.
Eqs. (66) and (67) then yield
(68) ρ(H1) =
β
α
H1 +
(
β
α
− 1
)(
3
4
H2 +
5
4
H3 +
3
2
H4 +H5 +
1
2
H6
)
.
The automorphism must send highest weight vectors, with respect to
the adjoint action of ϕ5(D5), to highest weight vectors of the same
weight. Hence, for some γ ∈ C∗,
(69) ρ(Y1) = γY1.
Considering Eqs. (68) and (69),
(70)
ρ([H1, Y1]) = ρ(−2Y1) = −2γY1,
[ρ(H1), ρ(Y1)] = −
γ
4
(3β
α
+ 5)Y1.
Since ρ is a Lie algebra homomorphism, Eq. (70) implies β
α
= 1. Hence,
if ϕ˜5
0,α ∼ ϕ˜5
0,β, then α = β. The opposite implication is obvious.
Similarly we prove ˜̺50,α ∼ ˜̺50,β if and only if α = β. Finally, since
ϕ5 ≁ ̺5 by Theorem 5.4, then ϕ˜5
0,α
≁ ˜̺50,β for all α, β. 
Theorem 7.10. The only abelian extensions of D5 that may be em-
bedded into E6 are D5 A VD7(λ5), D5 A VD7(λ4), and D5 A C. The
embeddings ϕ˜5
λ5,1 and ˜̺5λ5,1 are a complete set of inequivalent embed-
dings of D5 A VD7(λ5) into E6. The embeddings ϕ˜5
λ4,1 and ˜̺5λ4,1 are
a complete set of inequivalent embeddings of D5 A VD7(λ4) into E6.
There are two infinite families of inequivalent embeddings of D5 A C
into E6, which contain all inequivalent embeddings. Each family is
parameterized by a single continuous parameter: ϕ˜5
0,α and ˜̺50,α, for
α ∈ C∗. These results are displayed in Table 3.
Proof. The only abelian extensions of D5 that may be embedded into
E6 are D5 A VD7(λ5), D5 A VD7(λ4), and D5 A C (a repetition of
Proposition 6.9).
The restriction to D5 of any embedding of an abelian extension of
D5 into E6 is equivalent to ϕ5 or ̺5 by Theorem 5.4. Further, (62) lists
all possible lifts of ϕ5 or ̺5 to the permissible abelian extensions of D5.
The result then follows from Lemmas 7.8 and 7.9. 
20 ABELIAN EXTENSIONS OF DN IN EN+1
Table 3. Classification of embeddings of abelian exten-
sions of D5 into E6 up to equivalence.
Abelian Extension D5 A V Embedding D5 A V →֒ E6
D5 A VD5(λ5) ϕ˜5
λ5,1, ˜̺5λ5,1
D5 A VD5(λ4) ϕ˜5
λ4,1, ˜̺5λ4,1
D5 A VD5(0)
∼= D5 A C ϕ˜5
0,α, ˜̺50,α, α ∈ C∗
8. Representations of Dn A V from representations of
En+1
As an application of the above classification, we also consider the ir-
reducible representations of En+1 restricted toDn A V , for each abelian
extension and each embedding. The results are summarized in Theo-
rem 8.1 and Examples 8.2 to 8.4 below.
Theorem 8.1. Any irreducible representation of E6 restricts to an
indecomposable representation of D5 A VD5(λ4) or D5 A VD5(λ5) with
respect to any embedding of D5 A VD5(λ4) or D5 A VD5(λ5) into E6,
respectively.
Proof. The theorem follows immediately from the observation that the
image of D5 A VD5(λ4) or D5 A VD5(λ5) under any embedding into E6,
all of which were identified in Theorem 7.10, contains all positive or
all negative root vectors of E6 (see for instance [5]); thus its proof is
omitted. 
The following three examples show that for every case other than the
two considered in Theorem 8.1, an irreducible representation of En+1
may decompose when restricted to an abelian extension Dn A V , under
any embedding.
Example 8.2. Irreducible representations of E7 may decompose when
restricted to D6 A C. For instance, direct calculation gives us the
following decomposition of the E7 fundamental representation VE7(λ1):
(71)
VE7(λ1)|ϕ˜70,(α,β,γ)
∼= VD6(λ2)⊕ (VD6(λ5) + VD6(λ5))⊕
(VD6(0) + VD6(0) + VD6(0)),
VE7(λ1)|˜̺70,(α,β,γ)
∼= VD6(λ2)⊕ (VD6(λ6) + VD6(λ6))⊕
(VD6(0) + VD6(0) + VD6(0)).
The decomposition of VD6(λ5)+VD6(λ5), VD6(λ6)+VD6(λ6), and VD6(0)+
VD6(0) + VD6(0) will depend on the values of α, β, and γ.
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Example 8.3. The adjoint representation of E6 decomposes when re-
stricted to D5 A C, with respect to any embedding. Similarly, the
adjoint representation of E8 decomposes when restricted to D7 A C,
with respect to any embedding. In each case, the decomposition with
respect to D5 A C or D7 A C is the same as the decomposition with
respect to the adjoint action of the image of D5 or D7, respectively.
The reason for this decomposition is that the highest weight vector
of C, with respect to the adjoint action of the image of D5 or D7, is an
element of a Cartan subalgebra of E6 or E8, respectively (see (29) and
(30) or (14), respectively).
More generally, the decomposition of an E6 or E8 irrep with respect
to D5 A C or D7 A C, respectively, is the same as the decomposi-
tion with respect to the restricted action of the image of D5 or D7,
respectively.
Example 8.4. Irreducible representations of E8 may decompose when
restricted to D7 A C
14. For instance, direct calculation gives us the
following decomposition of the E8 fundamental representation VE8(λ8):
(72)
VE8(λ8)|ϕ˜7λ1,1
∼= VE8(λ8)|ϕ˜7λ
′
1,1
∼=
(VD7(λ2) + 2VD7(λ1) + VD7(0))⊕ (VD7(λ6) + VD7(λ7)).
Each set of parentheses on the right side of the last equation contains
a representation of D7 A C
14, described in terms of the decomposition
of its restriction to D7.
9. Conclusions
We determined all abelian extensions of Dn that may be embedded
into the exceptional Lie algebra En+1, n = 5, 6, and 7. We then clas-
sified each of these embeddings, up to equivalence. The classifications
are summarized in Theorems 7.4, 7.7, and 7.10.
As an application of the classification, we also considered the irre-
ducible representations of En+1 restricted to Dn A V , for each abelian
extension and each embedding. Any irreducible representation of E6
restricts to an indecomposable representation of D5 A VD5(λ4) or D5 A
VD5(λ5) with respect to any embedding. For every other case, an irre-
ducible representation of En+1 restricted to Dn A V may decompose.
Acknowledgements
The work of A.D. and D.K. is partially supported by research grants
from the Professional Staff Congress/City University of New York. The
work of J.R. is partially supported by the Natural Sciences and Engi-
neering Research Council. We thank Andrey Minchenko for a helpful
22 ABELIAN EXTENSIONS OF DN IN EN+1
conversation on embeddings of simple Lie algebras into exceptional Lie
algebras.
References
[1] Baez, J. C., “The octonions.” Bull. Amer. Math. Soc., 39(2), 145-205 (2001).
[2] Carter, R., Lie Algebras of Finite and Affine Type, (Cambridge University Press,
Cambridge, 2005).
[3] Douglas, A., and Repka, J., “Embeddings of the Euclidean algebra e(3) into
sl(4,C) and restrictions of irreducible representations of sl(4,C),” J. Math.
Phys. 52, 013504 (2011).
[4] Douglas, A., and Repka, J., “Indecomposable representations of the Euclidean
algebra e(3) from irreducible representations of sl(4,C),” Bull. Aust. Math. Soc.,
83, 439-449 (2011).
[5] Douglas, A., and Repka, J., “Indecomposable representations of the Euclidean
algebra e(3) from irreducible representations of the symplectic algebra sp(4,C),”
J. Phys.: Conf. Ser. 284, 012022 (2011).
[6] Dynkin, E. B., “Semisimple subalgebras of semisimple Lie algebras,” Mat.
Sbornik N.S., 30(72): 349-462 (1952). English translation in: Amer. Math. Soc.
Transl. (6), 111-244 (1957).
[7] Fulton, W, and Harris, J., Representation Theory, (Springer-Verlag, New York,
1991).
[8] GAP-Groups, Algorithms, and Programming, Version 4.2, 2000
(http://www-gap.dcs.st-and.ac.uk/∼gap).
[9] Humphreys, J. E., Introduction to Lie Algebras and Representation Theory,
(Springer-Verlag, New York, 1972).
[10] Losev, I., “On invariants of a set of elements of a semisimple Lie algebra,” J.
Lie Theory 20, 17-30 (2010).
[11] Maltsev, A. I., “Commutative subalgebras of semisimple Lie algebra,” Amer.
Math. Soc. Transl. no. 40, (1951).
[12] Minchenko, A. N., “The semisimple subalgebras of exceptional Lie algebras,”
Trans. Moscow Math. Soc., S 0077-1554(06), 225-259 (2006).
CUNY Graduate Center and New York City College of Technol-
ogy, City University of New York, USA
E-mail address : adouglas2@gc.cuny.edu
E-mail address : dkahrobaei@gc.cuny.edu
Department of Mathematics, University of Toronto, Canada
E-mail address : repka@math.toronto.edu
